Using the operators of taking upper and lower cones in a poset with a unary operation, we define operators M (x, y) and R(x, y) in the sense of multiplication and residuation, respectively, and we show that by using these operators, a general modification of residuation can be introduced. A relatively pseudocomplemented poset can be considered as a prototype of such an operator residuated poset. As main results we prove that every Boolean poset as well as every pseudo-orthomodular poset can be organized into a (left) operator residuated structure. Some results on pseudo-orthomodular posets are presented which show the analogy to orthomodular lattices and orthomodular posets.
be very restrictive, see [6] . Hence, we introduce here a new concept, the so-called operator residuation, which seems to be more successful. Namely, we show that every relatively pseudocomplemented poset, every Boolean poset and every pseudo-orthomodular poset is operator residuated. The concept of a pseudo-orthomodular poset introduced here is very general, it includes orthomodular lattices as well as pseudo-Boolean posets and their horizontal sums. On the other hand, our paper does not contain a general theory of operator residuation but the authors believe that it would be an inspiration for other researchers to develop such a theory.
Let P = (P, ≤) be a poset. For M ⊆ P we define L(M) := {x ∈ P | x ≤ y for all y ∈ M}, U(M) := {x ∈ P | y ≤ x for all y ∈ M}.
We write L(a) instead of L({a}) The poset P is called modular if it satisfies one of the following equivalent conditions for all x, y, z ∈ P :
x ≤ z implies L(U(x, y), z) = L(U(x, L(y, z))), x ≤ z implies U(x, L(y, z)) = U(L(U(x, y), z)).
Recall from [11] that the poset P is called distributive if it satisfies one of the following equivalent identities:
Every distributive poset is modular, see [11] . If (P, ≤) is a poset, A ⊆ P and ′ a unary operation on P then we put A ′ := {x ′ | x ∈ A}. A poset with complementation is an ordered quintuple P = (P, ≤, ′ , 0, 1) such that (P, ≤, 0, 1) is a bounded poset and ′ is a unary operation on P satisfying the following conditions for all x, y ∈ P :
If (P, ≤) is a poset with a unary operation ′ which is an antitone involution, i.e. which satisfies (ii) and (iii) from above, we can easily check that
which is a version of the De Morgan laws. A Boolean poset is a distributive poset with complementation.
Example 1. Fig. 1 shows two Boolean posets which are not lattices.
Recall from [7] or [13] that a left residuated lattice is an algebra (L, ∨, ∧, ⊙, →, 1) of type (2, 2, 2, 2, 0) satisfying the following conditions for all x, y, z ∈ L:
• (L, ∨, ∧) is a lattice,
The last property is called left adjointness. If ⊙ is commutative then this condition is called simply adjointness.
It was shown by the authors in [7] and [8] that every orthomodular lattice (see e.g. [1] ) can be converted into a left residuated lattice. A similar result was obtained by the authors for weakly orthomodular and dually weakly orthomodular lattices in [10] . Here we can define
In the case of Boolean algebras this reduces to
Several attempts to convert Boolean or orthomodular posets into left residuated structures were made e.g. in [4] or [6] , but in these cases left adjointness holds only for elements satisfying additional assumptions.
If we introduce the operations ⊙ and → in Boolean posets in the same way as it was done in the case of Boolean algebras, i.e. x ⊙ y := x ∧ y and x → y := x ′ ∨ y if the corresponding meet and join exists, then the left adjointness property need not hold as the following example shows: Example 2. Consider the Boolean poset depicted in Fig. 1 (a) . Define x ⊙ y := x ∧ y and x → y := x ′ ∨ y whenever this meet and join exists. Assume that left adjointness is satisfied. Then
Hence, we cannot go on in this way with partially defined operations ⊙ and → and expect that the complemented poset can be converted into a left residuated structure. This is why we change our approach.
Since a poset with complementation has no binary operations one can hardly assume that it is possible to express the binary operations ⊙ and → from left adjointness as term operations of (P, ≤, ′ , 0, 1). On the other hand, in every poset (P, ≤) there are defined the s L and U. Thus we can replace the operations ⊙ and → by other s which express multiplication and residuation, respectively. We proceed as follows:
is a bounded poset with a unary operation and M and R are mappings from P 2 to 2 P satisfying the following conditions for all x, y, z ∈ P :
Condition (3) is clearly a generalization of left-adjointness and by (2), (P, ≤) can be reconstructed from R. If M is commutative, i.e. M(x, y) ≈ M(y, x), then condition (3) is simply called adjointness and we call P an operator residuated poset.
We can easily extend the operators M and R from P 2 to (2 P ) 2 , namely for A, B ⊆ P we define M(A, B) := 
R(x, y).
We can now state the following lemma:
Proof. We compute
Further, in residuated lattices the identity (x → y)⊙x ≈ x∧y is usually called divisibility. Its modification for residuated posets could be as follows:
In the following, this identity will be referred to as divisibility.
A prototype of an operator residuated poset is a relatively pseudocomplemented one.
Recall that a poset (P, ≤) is called relatively pseuducomplemented if for each a, b ∈ P there exists a greatest element c of P satisfying L(a, c) ⊆ L(b), see e.g. [12] . This element c is called the relative pseudocomplement of a with respect to b and it is denoted by a * b. Every relative pseudocomplemented poset has a greatest element 1 since x * x = 1 for every x ∈ P .
Theorem 5. Let P = (P, ≤, * , 0, 1) be a bounded relatively pseudocomplemented poset. Define
for all x, y ∈ P . Then (P, ≤, * , M, R, 0, 1) is an operator residuated poset satisfying divisibility. (Here, for each x ∈ P , the element x * := x * 0 denotes the pseudocomplement of x.)
L(x, a). This shows
Since M is commutative, we have operator adjointness.
In the case of Boolean posets the operator R(x, y) is constructed in a different way, see the next result.
Theorem
for all x, y ∈ P . Then (P, ≤, ′ , M, R, 0, 1) is an operator residuated poset satisfying divisibility.
It is worth noticing that in the case that ′ is not a complementation, Theorem 6 does not longer hold as can be seen from the following example: 
Hence, by Theorem 5, it can be converted into operator residuated poset by using the residuation operator R(x, y) = L(x * y).
The following concepts turn out to be useful for our investigations.
An orthogonal poset (cf. [3] ) is a poset (P, ≤, ′ , 0, 1) with complementation satisfying the following condition for all x, y ∈ P :
Hence, if x ≤ y then x∨y ′ exists and, using De Morgan laws, also y∧(x∨y
exists. An orthomodular poset (cf. [1] ) is an orthogonal poset (P, ≤, ′ , 0, 1) satisfying one of the following equivalent identities (orthomodular laws):
An example of an orthogonal poset which is not orthomodular is depicted in Fig. 3 :
In order to avoid problems with the existence of suprema and infima, we introduce the following concept.
Definition 8.
A pseudo-orthomodular poset is a poset P = (P, ≤, ′ , 0, 1) with complementation satisfying one of the following equivalent identities:
That e.g. the second identity follows from the first one can be seen by using the De Morgan laws:
Of course, if P is a lattice then these identities are equivalent to the orthomodular laws. Thus every orthomodular lattice is a pseudo-orthomodular poset. The identities mentioned in Definition 8 can be weakened to inclusions as the following lemma shows:
for all x, y ∈ P .
Proof. We have
We are going to show that the class of pseudo-orthomodular posets is not so small, namely a number of complemented posets turn out to belong to this class.
Definition 10.
A pseudo-Boolean poset is a poset P = (P, ≤, ′ , 0, 1) with complementation satisfying one of the following equivalent identities:
Of course, every Boolean poset is pseudo-Boolean since in any Boolean poset we have
Lemma 11. Every pseudo-Boolean poset and hence also every Boolean poset is pseudoorthomodular.
Proof. In any pseudo-Boolean poset we have
In the following we consider a construction of pseudo-orthomodular posets via so-called horizontal sums.
, be a family of bounded posets of cardinality greater than 2 with a unary operation satisfying 0 ′ i = 1 and 1 ′ i = 0 and assume P i ∩ P j = {0, 1} for all i, j ∈ I with i = j. Put P := i∈I P i . On P we define a binary relation ≤ and a unary operation ′ as follows:
x ≤ y if there exists some i ∈ I such that x ≤ i y in P i ,
(x, y ∈ P ). Then P := (P, ≤, ′ , 0, 1) is well-defined and called the horizontal sum of the P i , i ∈ I. The P i are called the blocks of P. 
If, finally, b = 0, 1 then there exists some j ∈ I with b ∈ P j . We then have Proof. This follows from Lemmas 11 and 12.
A pseudo-orthomodular poset need not be modular or orthomodular as the following example shows:
Example 14. Consider the horizontal sum P of the poset from Fig. 1 (b) and an fourelement Boolean algebra whose Hasse diagram is depicted in (Fig. 4) :
Fig. 4 According to Corollary 13, P is pseudo-orthomodular, but neither modular since
The following theorem describes a connection between pseudo-orthomodular posets and orthomodular posets.
Theorem 15.
(i) Every orthogonal pseudo-orthomodular poset is orthomodular.
(ii) Every orthogonal modular poset with complementation is orthomodular.
Proof.
(i) Let (P, ≤, ′ , 0, 1) be an orthogonal pseudo-orthomodular poset and a, b ∈ P and
showing (a ∨ b ′ ) ∧ b = a.
(ii) Let (P, ≤, ′ , 0, 1) be an orthogonal modular poset with complementation and a, b ∈ P and assume a ≤ b. Then, due to orthogonality, a ∨ b ′ exists and hence also (a ∨ b ′ ) ∧ b exists, and, using modularity, we compute As shown in the paper, operator residuation can be useful if various posets are considered instead of lattices. Since several non-classical logics are based on underlying posets which need not be lattices, the question is how the operators M(x, y) and R(x, y) can be applied in the axiomatization of these logics. In particular, it can be of some interest how the logic of quantum mechanicas is related to pseudo-orthomodular posets. This particular question is connected with posets of certain self-adjoint operators in a Hilbert space. Up to now, we do not know any answers to these questions, but we have a strong believe that they will be a topic for the next study by the authors and possibly other interested researchers.
